A heterojunction solar cell consists of a p-n junction between a high-bandgap and a low-bandgap semiconductor. As the cell is made up of two different semiconductors, the fundamental question that arises is whether the limiting efficiency of the heterojunction solar cell is determined by the low-bandgap semiconductor, the high-bandgap semiconductor, some value inbetween or, perhaps, even some other value exceeding the limiting efficiency of single gap solar cells. In this respect, in this paper, we demonstrate that the limiting efficiency lies in-between, without the absolute limiting efficiency of single gap solar cells being exceeded. However, in spite of this result, we find that the open-circuit voltage of heterojunction solar cells can exceed the bandgap (divided by the electron charge) of the low-bandgap semiconductor, something that is not possible in single gap solar cells.
I. INTRODUCTION
F IG. 1(a) details the simplified bandgap diagram of a heterojunction solar cell in which we have chosen the p semiconductor to be that with the high-bandgap (E H ) and the n semiconductor to be the one with the low-bandgap (E L ) in this example. The light from the sun is received first by the highbandgap semiconductor and the low-bandgap semiconductor has a back reflector. The analysis we will develop here can also be easily carried out if we make the high-bandgap semiconductor n-type and the low-bandgap semiconductor p-type, in which the results are the same.
Many of today's high-efficiency solar cells are, in fact, heterojunction solar cells [1] : amorphous silicon/crystalline silicon heterojunction (with a record efficiency [2] of 26% with spectrum ASTM G-173-03 global); ZnO/CIGS [3] , [4] (22.9%); CdSe/CdTe [5] , [6] (22.1%); ZnCdSe/CZTS [7] (9%). The limiting efficiency of these solar cells has been implicitly assumed to be the one corresponding to the lowest bandgap material (silicon, CIGS, CdTe, CTZS in the examples enumerated) but …why not the one of the highest? Perhaps their limiting efficiency lies in-between the one with the highest bandgap semiconductor and the one with the lowest? Surprisingly, and contrarily to the case Manuscript received April 22, 2019; revised July 23, 2019; accepted July 28, 2019. Date of publication August 20, 2019; date of current version October 28, 2019. This work was supported in part by the Project 2GAPS (TEC2017-92301-EXP) funded by the Spanish Ministerio de Ciencia, Innovación y Universidades, in part by the Project MADRID-PV2-CM (P2018/EMT-4308) funded by the Comunidad de Madrid supported with FEDER funds, and in part by the Project GRECO under Grant 787289 H2020, funded by the European Commission, that ensures this work is aligned to the European Open Science Policy.
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Digital Object Identifier 10.1109/JPHOTOV.2019.2932626 of homo-junction single-gap solar cells and tandem solar cells [8] , [9] the limiting efficiency of heterojunction solar cells has not yet been discussed. This paper aims to fill this gap.
II. IDEAL MODEL
The basis of the theory for calculating the limiting efficiency of homo-junction single gap solar cells-or single-gap solar This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see https://creativecommons.org/licenses/by/4.0/ cells for short-was established by Shockley and Queisser (S&Q) in 1961 [10] . This theory establishes, on the one hand, that photons with energy below the bandgap of the semiconductor cannot be absorbed; this sets a limit to the maximum photocurrent that the cell can offer. On the other hand, after some refinements to be taken into account for stimulated emission [11] , the theory also establishes that the open-circuit voltage of the solar cell cannot exceed the gap of the semiconductor (divided by the electron charge) that the cell is made of. However, a heterojunction solar cell, made up of the junction of a high-bandgap semiconductor and a low-bandgap semiconductor could plausibly provide a photo-current limited by the semiconductor with the lowest bandgap and a voltage limited by the semiconductor with the highest bandgap having, therefore, the potential to overcome S&Q efficiency limit of single-gap solar cells. We discuss next whether this is, in fact, possible or not. In our discussion, for short, when a single-gap solar cell with gap E G appears, we will refer to the S&Q limiting efficiency of this cell as the "E G solar cell S&Q efficiency limit." We will also clarify whether a back reflector has been placed at the back of the cell or a medium of refraction index n r since the limiting efficiencies, for the same bandgap, are different [12] . Fig. 1 also details the band structure of a heterojunction solar cell under different biasing conditions. At the interface between both semiconductors, some characteristic spikes appear in the band diagrams that will not play any role in our discussion since, in our idealized model, it will be assumed that electrons will pass through these spikes with no difficulty.
The diagram in Fig. 1(b) illustrates the heterojunction solar cell in equilibrium and that, in Fig. 1(c) , when it has been biased with a "moderate" voltage V . The mathematical model we use to calculate the limiting efficiency of the heterojunction solar cell is detailed in the Appendix. Following the same assumptions as in the S&Q detailed balance, our model assumes that the only existing electron-hole pair generation-recombination mechanism is radiative (that is, it involves the absorption or emission of a photon) and that electron and hole mobility (μ e and μ h , respectively) approach infinity. This last assumption is the one that leads us to draw the electron and hole quasi-Fermi levels (E F,e and E F,h , respectively) in Fig. 1 (c) as flat. In this respect, it will be remembered that they become flat because the electron and hole current densities, J e and J h , are related to the quasi-Fermi level slope through
and, therefore,
→ 0 when μ (e,h) → ∞. If we allow for the output voltage V to increase further, we might plausibly think that we could reach a situation, as detailed in Fig. 1(d) , in which the output voltage of the cell, determined by the difference between the electron and hole quasi-Fermi levels at the contacts (located at W C and −W A , respectively) could exceed the low-gap E L . If this were the case, the limiting efficiency of a heterojunction solar cell might exceed the one of a single-gap solar cell since photon absorption and, therefore, the photocurrent would still be given determined by a low-gap E L . However, the situation represented in Fig. 1(d) is not physically possible because it would imply a split in the quasi-Fermi levels in the low gap semiconductor eV L larger than the gap E L . This situation, as anticipated before and due to the "−1" factor (see the Appendix) would result in a tremendous stimulated photon emission originated in the low-gap semiconductor that would prevent the quasi-Fermi level split eV L from actually approaching the gap E L .
As an illustration of this fact, Fig. 2(a) shows the currentvoltage characteristic of a heterojunction solar cell characterized by E L = 1.11 eV at one sun (X = 1) and at a maximum concentration (X = 46050) calculated by taking stimulated emission into account. The reason for choosing a gap of 1.11 eV in the example is that this is the optimum gap for obtaining the maximum efficiency with a single gap solar cell at this maximum concentration. As can be seen [see Fig. 2(b) ], the open-circuit voltage of the heterojunction solar cell saturates at 1.11 V without this value being exceeded. Furthermore, the model described in the Appendix shows that, due to the radiative coupling between the high-bandgap semiconductor and the low-bandgap one, the current-voltage characteristic of the cell is independent of our choice for the high-bandgap semiconductor as long as E H > E L . In other words, the performance of the heterojunction cell is identical to a cell with gap E L and, therefore, its limiting efficiency is the same as the E L S&Q limiting efficiency with back reflector.
III. FINITE MOBILITY CASE
The situation changes if we remove the condition of infinite carrier mobility. In this respect, Fig. 1 (e) details the energy band diagram and quasi-Fermi level distribution for a case in which we assume that hole mobility is finite in a transition region at the interface between the high-and low-bandgap semiconductors (we keep the assumption of infinity electron mobility for simplicity). The transition layer could be the space charge region or a larger region. In our discussion, we will omit the generation and recombination of carriers taking place in this transition layer as it is also assumed in Shockley's ideal diode model [13] .
The details of the model for the current-voltage characteristic of the heterojunction solar cell when the mobility is finite are also given in the Appendix where we show that the model can be represented approximately by the circuit in Fig. 3(a) . Later we will clarify why this circuit is approximated but, for the moment, this circuit will be sufficient to understand the results. In the circuit, the diode D H and the current generator J H represent an ideal S&Q solar cell (without a back reflector but with a medium of refraction index n r at the rear side) characterized by the gap E H . The diode D L and the current generator J L represent an ideal S&Q solar cell (with back reflector) characterized by the gap E L . The resistor R h accounts for a voltage loss across the transition layer because of our assumption of finite hole mobility. Fig. 3 (b) illustrates, with one example, the current-voltage characteristic of a heterojunction solar cell that is obtained with this model as R h evolves from zero to infinity. The example corresponds to a heterojunction solar cell characterized by E L = 1.11 eV and E H = 1.70 eV. For reference, these are the values that should be used to obtain the maximum efficiency for a tandem solar cell based on silicon [14] . The cell is assumed to operate at 300 K and be illuminated at maximum concentration (X = 46050) with the radiation from the sun modeled as a black-body at 6000 K. When R h = 0 the current-voltage characteristic is identical to the current-voltage characteristic of an ideal single-gap solar cell with gap E L . This is not surprising since when R h = 0, we recover the conventional S&Q detailed balance discussed in Section II and illustrated in Fig. 2(b) in which the carrier mobility was considered infinite. However, as R h increases, the fill-factor of the cell decreases and, therefore, it does its efficiency [see Fig. 3(c) ].
Contrarily to single-gap solar cells, in which the open-circuit voltage does not change in spite of the series resistance of the cell increasing, in the case of the heterojunction solar cell, the opencircuit voltage increases as R h increases. We find then that the open-circuit voltage of the cell exceeds the low bandgap of the heterostructure, a result that was not possible when considering homojunction single-gap solar cells. Early metal-semiconductor solar cells [15] are an example of heterostructure solar cells in which the metal can be considered as the low-bandgap semiconductor in which the gap tends toward zero (or a material in which there is no split between the electron and hole quasi-Fermi levels). The fact that these cells demonstrated open-circuit voltages greater than zero (0.3-0.4 V) supports this result.
In fact, when R h → ∞, the open-circuit voltage (and the efficiency) of a solar cell made of the gap E H without a back reflector is recovered. This result is easy to understand with the assistance of the circuit in Fig. 3(a) since, when R h → ∞, the cell represented by E H ("top cell") becomes isolated from the cell represented by gap E L ("bottom cell"). At this point it will be useful to remember that obtaining this high-output voltage has been possible without inducing an excessive high recombination because the local split of quasi-Fermi levels never exceeds the gap of the semiconductor [see Fig. 1(e) ] and, therefore, the stimulated emission condition is never achieved. Hence, while in the classic S&Q detailed balance model, the output voltage of the cell and the local quasi-Fermi level split (divided by the electron charge) they were the same concept, in the heterojunction case, with finite mobility, neither concepts are equivalent.
The reason behind why the efficiency of an ideal top cell without a back reflector is recovered and not the efficiency of an ideal solar cell with a reflector is that the top cell radiates photons from the back to a media (the bottom cell) which is not a reflector but a medium of refraction index n r (in our case we have chosen n r = 3.6 as representative of a typical value for semiconductors).
Therefore, since as R h increases the efficiency transits from the efficiency of an E L S&Q solar cell with a back reflector (having chosen E L to be the optimum gap for single-gap solar cells) to the efficiency of an E H S&Q solar cell without a back reflector, we conclude that the absolute limiting efficiency of a heterojunction solar cell cannot exceed the limiting efficiency of a single-gap solar cell. This has not to be confused with the fact that the efficiency of the bottom cell can be exceeded if the gap of the bottom cell E L is not optimum. This statement has been illustrated by means of Fig. 3(d) where our choice for E L (0.6 eV) has not been the optimum one for a single-gap solar cell.
Finally, we would like to mention that our representation of the heterojunction solar cell model by means of the circuit in Fig. 3 (a) has been simplified because it omits the radiative coupling between the cells. This radiative coupling, however, has been taken into account in the results shown in Fig. 3 but the simplified circuit shown in Fig. 3 (a) has allowed us to discuss them more easily while maintaining the essentials of the model. The complete equivalent circuit, including the radiative coupling between the cells, can be found also in the Appendix. One of the impacts derived from considering radiative coupling is that the limiting efficiency of the heterojunction solar cell when R h → ∞ is not exactly the limiting efficiency of the top cell, considered as a single-gap solar cell with bandgap E H without a back reflector, but slightly higher. The reason is that, when R h → ∞, the bottom cell operates in open-circuit and, under this condition, it radiates electroluminescent photons toward the top cell that are not completely monochromatic and therefore include some photons with energy ε > E H that are absorbed in the top cell improving its efficiency. However, in the examples illustrated here, the impact of this coupling is minimal since there are few electroluminescent photons with ε > E H . To illustrate this with an example, we will mention that while the numerical value that we obtain for the limiting efficiency of a top cell with gap 1.70 eV without a back reflector is 32.993579864%, its limiting efficiency, when considering the luminescence from a bottom cell of 1.11 eV increases to 32.993579898% (less than 10 −7 percentual points).
IV. CONCLUSION
The absolute limiting efficiency of a heterojunction solar cell is the same as the limiting efficiency of a single-gap solar cell. A heterojunction solar cell made of a top bandgap semiconductor and a low-bandgap semiconductor will show a limiting efficiency in-between the limiting efficiency of an ideal singlegap solar cell made of the low-bandgap semiconductor and a single-gap solar cell made of the top bandgap semiconductor. The open-circuit voltage of a heterojunction solar cell can exceed the bandgap (divided by the electron charge) of the low-bandgap semiconductor if we allow for finite carrier mobility. The reason why the absolute limiting efficiency of a single gap solar cell still cannot be exceeded in spite this potential for obtaining a high open-circuit voltage is the degradation of the fill factor of the cell associated to the existence of an equivalent resistor that counts for the finite mobility of the carriers.
APPENDIX
For conciseness, in this appendix, we will often use the function F defined as
Note, for example, that F (0, ∞, 0, T, π) corresponds to the number of photons per unit of area and time emitted by a black body at temperature T . Fig. 4 again represents the structure of a heterojunction solar cell together with some photon fluxes that will appear to be involved in the description of its operation.
Since the total current density J circulating across the solar cell is constant (that is, independent of x), we choose for convenience to calculate it at x = 0 so that
J e (0) being the contribution of the electron current density and J h (0) the contribution of the hole current density to the total current. We proceed first with the calculation of J e (0). To do so, by integrating the continuity equation for electrons at the p side of the heterojunction we obtain
where we have assumed that the surface at x = −W A is perfectly passivated so that J e (−W A ) = 0. In (6), r is the electron-hole pair recombination rate and g the generation rate. Since we are interested in the limiting efficiency for photovoltaic conversion, we will assume that 1) only radiative recombination exists and 2) carrier mobility in the p region is infinite so that the electron and hole quasi-Fermi levels are constant. When this is the case we proved in [11] that
where F em,H is the number of photons emitted per unit of time and unit of area and F abs,H is the number of photons absorbed per unit of time and unit of area (it is worth insisting that (7) is not valid [11] if the mobility is not infinite and, therefore, quasi-Fermi levels are not flat). The suffix "H" reminds us that this is a result obtained after integrating in the high-bandgap semiconductor. In our case, on the one hand
where F em,H,F is the number of photons emitted from the front side of the high-bandgap semiconductor per unit of time and area and F em,H,R is the number of photons emitted from the rear side of the high-bandgap semiconductor per unit of time and area. They are given by
where n 2 r is the refraction index of the low-bandgap semiconductor (that we shall assume to be equal to the one of the highbandgap semiconductor, for simplicity). T C is the temperature of operation of the cell. eV H is the split in the quasi-Fermi levels in the high-bandgap semiconductor (see Fig. 1 ). On the other hand 
where F abs,H,S are the number of photons from the sun per unit area and time absorbed by the high-bandgap semiconductor, F abs,H,amb are the number of photons from the ambience per unit area and time absorbed by the high-bandgap semiconductor, and F abs,H,L are the number of photons absorbed by the highbandgap semiconductor coming from the electroluminescent emission of the low-bandgap semiconductor. These magnitudes are given by
in which we have assumed the sun is a black body source of photons at temperature T S , H S is the étendue with which photons from the sun are received in the cell of unit area and that is related to the light concentration factor X by
in which 1 46050 = sin 2 θ S where θ s the semiangle of the sun seen from the Earth. These photon fluxes have been illustrated by means of Fig. 4 .
We proceed now with the calculation of J h (0). Assuming that there is no electron-hole pair generation nor recombination at the space charge region
and J h (0 ) can be calculated from the hole continuity equation at the n low-bandgap semiconductor as
where we have assumed that the surface at x = W C is perfectly passivated so that J h (W C ) = 0. Similar to the case of the electrons, assuming only radiative generation-recombination at the n semiconductor and infinite carrier mobility we find that
where F em,L and F abs,L are the photons emitted and absorbed per unit of area and time, respectively, by the n region and are given by 
where per unit of time and unit of area 1) F em,L,H is the number of photons emitted by the low-gap region that are absorbed in the top high-bandgap semiconductor; 2) F em,L,F is the number of photons emitted by the lowbandgap semiconductor toward the front high-bandgap semiconductor but that are not absorbed and escape into the air because their energy is lower than the gap of the top semiconductor; 3) F abs,L,S is the number of photons from the sun absorbed by the low-bandgap semiconductor; 4) F abs,L,amb is the number of photons from the ambient absorbed by the low-bandgap semiconductor; 5) F abs,L,H = F em,H,R is the number of photons from the electroluminescent emission of the high-bandgap semiconductor absorbed by the low-bandgap semiconductor. These magnitudes are given by 
At this point, we need a relationship between V H and V L . To do so, we first note that if we want to preserve our hypothesis which claims that there is no generation-recombination in the transition layer, the hole current density has to remain constant in spite of the slope of the hole quasi-Fermi level. We call this constant hole current densityĴ h and, across the transition layer, it has to fulfill that
where δx is the distance between 0 and 0 . Therefore,
where R h , which has dimensions of resistance multiplied by area, is given by
As a result, (5) 
Equation (28) has been represented in the circuital form in Fig. 5 . The controlled current generators J CT and J CB count for the radiative coupling between the cells. When this coupling is neglected, we obtain the circuit shown in Fig. 3(a) in the main manuscript which was used to understand the results more easily. It has to be noted that when E H ≡ E L and R h = 0, the circuit in Fig. 5 becomes that of an ideal single gap solar cell as it could not be otherwise for the self-consistence of the model.
Finally, we would like to point out that the transition layer that causes the appearance of the resistance R h could be engineered in practice by means of an n layer made of a high-bandgap material. In this high-bandgap n layer, p → 0 and, therefore, R h → ∞ [(28)].
